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$(J_{1}’(q))^{2}=\phi$ (q) $J_{1}’’(q)+ \phi(q)^{2}\sum_{\mathrm{p}1q}\frac{p(1\mathrm{o}\mathrm{g}p)^{2}}{(p-1)^{2}}$.
Lemma 2. $s\in \mathbb{C},$ $s$ \neq 1




$L$ ( $s,$ $\chi$o)
$= \frac{1}{q^{s}}\sum_{1(\begin{array}{l}\leq a,q\end{array})}\zeta(s,$
$\frac{a}{q})=\frac{J_{s}(q)}{q^{s}}\zeta$(s).
Lemma 3 (Nielsen [3]).
$( \psi(x)+\gamma)^{2}=\psi’(x)-\frac{\pi^{2}}{6}-2\xi$(x),
$\psi(x)=\frac{\mathrm{d}}{\mathrm{d}x}1$og $\Gamma(x)$ : digamma ,
$\xi(x)=\sum_{n=1}^{\infty}H_{n}(\frac{1}{x+n}-\frac{1}{n+1})$ , $H_{n}= \sum_{k=1}^{n}\frac{1}{k}$ .
Proof of Theorem A. $\mathrm{T}$
$\sum_{(\begin{array}{l}\leq a,q\end{array})}$
$\sum_{a}*$
${\rm Re} s>1$ Lemma 2
$\sum_{\chi}|$




$+2 \frac{\phi(q)}{q^{2\sigma}}$Re $\zeta(\overline{s})$ $\sum_{a}*(\zeta(s,$ $\frac{a}{q})-\zeta(s))+\frac{\phi(q)^{2}}{q^{2\sigma}}$
$= \frac{\phi(q)}{q^{2\sigma}}\sum_{a}*|\zeta(s,$ $\frac{a}{q})-\zeta$ (s) $|^{2}$




L(s, $\chi$ ) $|^{2}= \frac{\phi(q)}{q^{2\sigma}}\sum_{a}*|\zeta(s,$ $\frac{a}{q})-\zeta$(s) $|^{2}$
$+ \frac{1}{q^{2\sigma}}|\zeta$ (s) $|^{2}(2{\rm Re} J_{s}(q)\phi(q)-\phi(q)^{2})$
$- \frac{1}{q^{2\sigma}}.|\zeta$ (s) $|^{2}|J_{s}$ (q) $|^{2}$
$= \frac{\phi(q)}{q^{2\sigma}}\sum_{a}*|\zeta$ ($s,$ $\frac{a}{q}$) $-\zeta$(s) $|^{2}$
$- \frac{1}{q^{2\sigma}}|\zeta$(s) $|^{2}|$J$s(q)-\phi(q)|^{2}$ .
$sarrow 1$ Lemmas 1, 3
$\sum_{x\neq\chi 0}|$
L$(1, \chi)$ $|^{2}= \frac{\phi(q)}{q^{2}}\sum_{a}*$ ($\psi$ ( $\frac{a}{q}$) $+\gamma$) $2- \frac{1}{q^{2}}$ ( J1’ $(q)Y$





, $\sum_{a}^{*}\xi(a/q)$ Theorem A
Euler(-Maclaurin)
$\sum_{a}*\xi$ ( $\frac{a}{q})=\sum_{d|q}\mu(\frac{q}{d})\sum_{a=1}^{d}\xi(\frac{a}{d})$





















$\sum_{q\leq Q}\frac{1}{\phi(q)}\sum_{x\neq x0}|L(1, \chi)|^{2}$
$= \frac{\zeta(2)}{\zeta(3)}Q-c_{3}\log 3Q-\mathrm{c}_{2}\log Q-c_{1}\log Q-c_{0}$
$+O( \frac{\log Q}{Q}H(Q))$
$c_{3}= \frac{1}{3\zeta(2)}$ , $c_{2}=- \frac{\zeta’(2)}{\zeta^{2}(2)}$ ,
$c_{1}= \frac{1}{\zeta(2)}(2\gamma_{1}-\gamma^{2}+2\zeta(2)+\sum_{\mathrm{p}p:\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}}\frac{p(1\mathrm{o}\mathrm{g}p)^{2}}{(p-1)(p^{2}-1)})+\frac{\mathrm{d}^{2}}{\mathrm{d}s^{2}}\frac{1}{\zeta(s)}|_{s=2}$ ,
225




$c_{2}^{(1)}(Q):= \sum_{n\leq Q}\frac{\mu(n)}{n^{2}}\overline{B}_{1}(\frac{Q}{n})$ :
$H(Q):= \sum_{n\leq Q}\frac{\phi(n)}{n}-\frac{Q}{\zeta(2)}=O((\log Q)^{2/3}(\log\log Q)^{4/3})|$
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